Session Type State Spaces Form Lattices

An algebra for the protocols we already write
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Each is a protocol — each with its own specification language.

Each one can be read as a session type.



Each is a protocol — each with its own specification language.

Each one can be read as a session type.

We need an algebra for them.



What kind of mathematical object is a session type?

rec X . &{ hasNext: ®{ TRUE: &{ next: X }, FALSE: end } }

o
/@A tree? W\ A state machine?
. oO—»0

the syntactic unfolding * the reachable state space
[0}

Pros Pros

+ finite, even under recursion

-+ mirrors the type's syntax
+ the states actually reached

+ nested choices explicit
Cons Cons
— dynamics only — what fires next

— is its reachability a /attice?

— recursion unfolds forever
— the syntax, not the states

The state machine is the object — the finite states a protocol actually reaches.
Reachability already orders them; we show that order is a lattice (meets, joins, || = product).
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Where the lattice comes from: a shared bottom
&{ a: &{ a1: &{}, a2: &{} }, b: &{ b1l: &{}, b2: &{} } }

As a lattice
(with end-identification)

As a tree

(no end-identification)

share
1 2 bl b2
2 B &} =end
&{} e{} &{} e}
7 states, 4 distinct &{} leaves 4 states — a diamond

end = &{}: Vasconcelos, Gay, Ravara, Gesbert, Caldeira (2009)
Gay, Vasconcelos, Ravara, Gesbert, Caldeira (POPL 2010)
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Where the lattice comes from: named equations

As a tree As a lattice
close inlined in every branch Close named once — shared
&{open: &{read: &{close: end}, &{open: &{read: Close, write: Close}},
write: &{close: end}}} i Close = &{close: end}
(P name it
open ggpen
read write once as
Close read write
close close
end end JC:lOSe

t{close:end} duplicated one shared Close — a lattice

Vasconcelos, Gay, Ravara, Gesbert, Caldeira (2009)  Gay, Vasconcelos, Ravara, Gesbert, Caldeira (POPL 2010)
Name the close protocol once: read and write reconverge on the shared Close — the tree becomes a lattice.
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Where the lattice comes from: a parallel product

Prior works (2009 - 2010) Insight ...is already a lattice
sharable object, linear access independent parallel services subsets of {S1, Sz, S3} under C
thrc*} . t , {s1 ,»53}

1 | t
object \ |*| rd
S11S2183
1 1

mp ; M2 ; m3 ;

(linear) Si || 82 || 83
(parallel - safe)
e One thread per session e Disjoint protocols e Nodes: sub-sessions still active
o Methods called in sequence e Files: read /seek; DBs: cursors; e Boolean cube B; (23=8)
e Concurrency prevented by animals: breathe /walk / eat e Zoom in: each node is itself a
linearity e Safe by construction — no session-type lattice

interference

Independent parallel services on one object —their product is a lattice.
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What an algebra buys us

A lattice is exactly meet M and join LI, total and unique — so each question has one answer.

Where did two runs last agree?
Where must they reconverge?
Order-independent merges?
Conflict-free concurrency?

Compose two objects?

join LI - last common cause - rollback target
meet 1 - synchronisation barrier

modular? - Birkhoff: no Ny

distributive? - also no M3

product - £(51) x L(Sz)

On the horizon — the power hidden in the lattice object, now turned on protocols:

M@obius function p, characteristic & zeta polynomials, Whitney numbers, the order spectrum, # linear
extensions, Birkhoff representation, Dedekind—MacNeille completion, congruence lattices.

All well-posed because it's a lattice — exactly what the three constructors bought us.
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Methodology: From protocol to lattice

One methodology, end to end: any protocol becomes a session type, the reticulate lifts it to a lattice,
and that lattice answers questions back about the protocol.

Protocol model S the Reticulate (L,m,u,T,1) analyse & check guarantees
RFC - ABNF - Scribble - ... as a session type session type construct - quotient - lift (Thm) bounded lattice invariants - conformance - typing properties & verdicts
The core, realized three ways — and they agree on every well-formed protocol.
Theory Lean 4 Implementation
the specification-level construction the same pipeline, proven the same pipeline, executable
paper §2-3 - £(S), Def. 3 15 modules - zero sorry RETICULATE (Py) - BicA REBORN (JVM)
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Inside the Reticulate

The middle box, opened up: three deterministic steps — and the last one is the contribution.

S state-space L(S) SCC L(S)/=

session type construction state space quotient bounded poset

(L7 m'/ u7 T? J‘)
bounded lattice

Grammar Def. 2 state space Def. 5 reach. - Prop. 6 Lem. 9-12,15
Def. 1 well-formed  Def. 3 construction Def. 7 SCC - Prop. 8 — Thm. 16
(incl. || product) + Lem. 13, 14 (rec., eqns) — Cor. 17

A the contribution
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Syntax: Grammar

Grammar (ICE 2026, n-ary):

S = &{m:5, ..., my:S,} (branch, n>0)
| ®{l1:51, ..., €nh:Sn} (selection, n > 0)
| Sill--- |l Sn (parallel, n > 2)
| wX.S (recursion)
| X (variable)
| end (termination)
D = S Xi1=51, ..., X, =S, (declaration; named equations, incl. mutual rec.)

Blue marks the three syntactic sources of lattice structure: end (shared L) - named equations (shared

sub-sessions) - || (product).
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Syntax: Well-formedness (Def. 1)

Well-formed iff all five hold — each with a counter-example that violates it:

1 Closedness

2 Contractiveness

3 Termination

4 Parallel closedness

5 Distinct labels

no free variables

guarded recursion

a path to end from every state

no outer-bound var free in a ||-branch

labels pairwise distinct

&{a:X} (X free)
X, X (unguarded)
uX.&{2:X} (no end)
pX. (&{2:X} || end)

&{a:end, a:end}
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State space: construction (Def.2 - 3)

Def. 2 e State space. a tuple (Q,X,d,gT,qy): finite states Q, action labels ¥, transitions
6 C Q x X x Q, initial gT, terminal g .

Def. 3 e Construction. £(S) by structural induction on closed well-formed S:
L(end) = ({qo}, 0,0, g0, g0) — a single state.
L(&{m;:S;}): glue children at qo, share terminal g, —each m; arrow into L(S;). > pictured
L(D{l;:S;}) = L(&{¢;:S;}) — polarity-agnostic.
L(pX.S") = L(S") with X-placeholders redirected to g — back-edges. v pictured
L(D), D =S, Xj=5;— glue each equation top; back/cross-edges. > pictured
L(S1] -1 Sn) = L(S1) X -+ x L(S,)— product. > pictured
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State space: branch construction (Def. 3, branch case)

Add a fresh entry g above the n children; drop each child bottom ¢/ for one shared g .

L(&{m:i:S}) = (Q,%,0,q0,q.)
Q={a}ulU(Q\{d', })U{q.}
6= {(qU’ mi, qil')}i U Ui(sf[qi::qi]

A green = shared entry/terminal; grey = each child’s old
t 1 [
g7 bottom, removed.
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State space: recursion construction (Def. 3, recursion case)

For each occurrence of X in L£(S’), add a placeholder Py ;; point each back to the top ¢4 of

L(S")— new back-edges.

L(pX.S") =(Q,%,6,q97,4)
one placeholder Px ; per occurrence; Px = {Px ;};

B Q= Q\Px, 0=0[Px;:=q%] (back-edges)

blue = carried over from L(S'); grey = placeholders,

removed; green = new back-edges.

exists by well-formedness (Def. 1)
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State space: named-equations construction (Def. 3, declaration case)

One state space £(D) contains the main £(S) and a sub-session £(S;) per equation X;=5;.

Ty

L(D) =(Q,%,4,43,47)
Q= (QUU; @)\ {p.j}
0: each p.; — qu (cross/back-edges)

blue carried over; grey = placeholders,
removed; green = new edges.
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State space: parallel construction (Def. 3, | case)

States are tuples; one component advances per step—the product £(S;) X -+ x L(S,).

O O s ls) =
(H,‘ Qi7 27 5><7 (qil')lv (ql)l)
0y : advance one component

£(S51) L(Sn) = : . (...75,',...)i)(...75’-/,...)

9% 9

every interleaving reaches

1 .
Gt 9L (Ly,...,L,) — the product grid
is where the lattice becomes

O o O necessary.
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State space: reachability order (Def. 5 Prop. 6)

The construction yields a labelled graph. What order does it carry?

Def. 5 e Reachability. Write s; ~+ s, (“s; reaches
sp"") iff there is a path from s to s, in (Q, ).

Prop. 6 e Preorder. ~~ is reflexive and transitive—a
preorder. Cycles from recursion prevent antisymmetry. eledo a1 o

= not antisymmetric

SMTP pX. &{mail: &{send:X}, quit:end}

Reachability orders the states — execution descends from more protocol remaining to less.
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State space: SCC quotient — poset (Def. 7 - Prop. 8)

Def. 7 e SCC quotient & its order. L(S)/= identifies mutually-reachable states (one
protocol phase each) —the canonical antisymmetric quotient. Order [s1] < [sp] iff 5, ~ s1:
smaller = less protocol remains; execution descends T — L.

Prop. 8 e Unique extrema. For every well-formed S, £(S) has a unique gt reaching all
states and a unique g, reachable from all.

(a) cyclic graph (b) poset (a chain)

quit

= L(S)/=is a bounded poset (with T and 1)—but is it a lattice?
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The Reticulate Theorem

For every well-formed session type S,

L(S)/= is a bounded lattice.

A bounded lattice is a poset (L, <) with a least element L and a greatest element T
such that every pair of elements has a meet (greatest lower bound) a A b and a join
(least upper bound) aV b.
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The Reticulate Theorem: end

L(end)/= = {e} (one element—the base case)

the four ingredients:

T=1 v L the one node
A=V=e v T same node (T=1)
V ANeNe=oe
singleton lattice / VeVe—e

. L(end)/= is a bounded lattice v
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The Reticulate Theorem: branch &

If L£(S;)/=is a bounded lattice for every i ...

GV Vgn the four ingredients:

v' L shared terminal g

v T fresh entry qo (above every m;)
v A branches meet at L; sub-meets in £(S;)

T vV branches join at qo; sub-joins in £(S;)

o L(&{m;:5;}i=1.,)/= is a bounded lattice v
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The Reticulate Theorem: selection &

If L(Si)/=
qLV---Van
1% Ln

same diamond — polarity erased.

is a bounded lattice for every i ...

the four ingredients:

v' L shared terminal g

v T fresh entry qo (above every ¢;)

v A selections meet at L; sub-meets in £(S;)
V'V selections join at qo; sub-joins in £(S;)

polarity matters for subtyping/duality, not reachability.

o L(®{¢;:S;})/= is a bounded lattice v’
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The Reticulate Theorem: recursion

If the body £(S)/= is a bounded lattice ...

(a) cyclic body (b) a chain the four ingredients:
@ v L survives— Termination: L ¢ D
— v T the absorbed class [...]
ebsort gut v A meets preserved (L\D down-closed)

v' V joins landing in D — T

o L(pX.S)/=is a bounded lattice v/
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The Reticulate Theorem: parallel ||

If L£(S;)/=is a bounded lattice for each i ...

L(S51) = L(&{a: &{b:end}})

O+

L(S2) = L(&{c: &{d : end}})
T 1

O Onid

L(Sy |-

the four ingredients:
vV oL (L., L)
V T (T1,..,Th)

Q ‘ )\02/‘ v A\ meets, factorwise

b d

51 | 19 V'V joins, factorwise
\_ )l\,

a 3x3 grid lattice.

| Sn)/= =11, £(5i)/= is a bounded lattice v’
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Lattice Consequences: two structures, two toolsets

check_lattice F verdict (core)

session type S build raw LTS scc Lattlce
§2.1 grammar d cyclic - labelled (s, ¢, t) quotient acyclic - order < / Hasse

LTS Iseam Lattlc? seam
. y
algebraic toolkit

A J

S Mobi Birkhoff
valid paths - violations - JUnit spectrum - Mobius - Birkho

¢ - tropical

label-essential - walks paths i
label-forgetting - reads <

testgen is the least-derived consumer (the raw, still-cyclic LTS); the toolkit the most-derived (the quotiented
order). Each analysis has exactly one correct seam — a test needs labels and cycles; a spectrum needs the

order.
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Lattice Consequences: the toolkit, on one protocol

S = &{init:&{open: & {OK:(&{read:end} || &{write:end}), ERROR:end}}}

function

what it computes

value on £(S)

A Classify

distributivity
Birkhoff rep.
complements

distributive lattice? (M3/Ns)
rebuild from join-irreducibles
a Boolean algebra?

distributive
iso verified (5 JI)
no

B Operate

automorphisms structural symmetries |Aut| = 2 (read<>write)
congruences all sound quotients 32 (not simple)
irreducibles indecomposable blocks 5 join - 5 meet

C Measure

height longest run T — L 4

Mébius 1 inclusion—exclusion max |u|=1, 8 intervals
char. + Whitney rank statistics deg 4, log-concave
Tutte spanning structure — reliability 4 trees, x(2)=2

spectral connectivity - energy A2=0.28, energy 8.1
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The numbers

108

benchmark protocols
(networking, DB, Al, distributed)

All 108 form bounded lattices.

The algebraic census

93

distributive (86%)
(no forbidden N5 or M3)

Reticulate Theorem holds

15

non-distributive (14%)
(13 with Ns, 2 with Ms)

universally on the suite.
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Lattice Consequences: Morphism Hierarchy

Iso
preserve + reflect + bijective

e.g. Duality S« S+

Embedding Projection
+ reflect + injective + surjective
e.g. Subtyping S<T e.g. multiparty — binary

Homomorphism
order-preserving (weakest)

e.g. endomorphism

Is the bare lattice —as an abstract interpretation — enough to characterise duality and subtyping?
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Lattice Consequences: Duality (FileReader vs its dual, §5) [ Sound |

L(S)/= = L(dual(S))/=
bijection, polarity erased

pen

dual(SReader) = ©{ open :

3
O-@

SReader = &{ open : 4. ............ >
uX.&{ read : uX. @ { read :
®{ data: X, eof l“’f &{ data: X,

eof : &{close : end} } } } eof : @{close : end} } } }

o
o
2
&
a
'
'
'
'
'
'
'
'
'
'
'
'
Y
a

close

i
‘IEI’

4-chain same 4-chain

( Given S and dual(S) = £(S)/= = L(dual(S))/= )
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Lattice Consequences: Subtyping (FileReader < a subtype, §ITE)

arrows zigzag with polarity:
& parent—child, & child—sparent

SReader = &{ open: [ g Feemee e

&{ read : " l

@{ data: end,
eof :end}}} 4 fffff child— parent

L(FileReader) /=

L(FileReader™) /=
4-chain 5 states, two arms

S;eader = &{ open :
&{ read :
@®{ data:end} },
stat : &{close : end} }

1. Branch width. S <¢cy T = L(T)/= embeds into £L(S)/=.
2. Selection width. S <¢; T = L(S)/= embeds into L(T)/=.
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Lattice Consequences: Subtyping (recursive read-loop, §5) [EREETE) [N

open open stat
SReader = &{ open : S;eader = &{ open :
uX.&{ read : a1z "'"“">< """" > o] e uX.8&{ read :
@{ data: X, @{ data: X,
eof : end, eof eof /- eof :end}},
other : X} }} stat : &{close : end} }
O “
L(FileReader)/= L(FileReader™) /=
3-chain 4 states, two arms

Recursion breaks soundness. the SCC quotient collapses the read-loop into one node [q1qz], destroying the
continuity of its continuations—the ordered branch/selection chain that subtyping pairs up—so no embedding
survives the quotient, sound or faithful.
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Lattice Consequences: the way to faithfulness

The bare lattice is sound but not faithful:
the SCC quotient forgets structure, so distinct types can share one lattice.

what is lost witness bare L(S) faithful £(-)f
width &{a} vs &{a, b} distinct distinct
labels &{a} vs &{b} collapses keep &
polarity &{a} vs ¢{a} collapses tag &/
recursion uX. &{r: @ {d:X}} continuity lost unfold i once
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Lattice Consequences: two abstract interpretations

Reticulate Theorem Conjecture

the bare lattice—sound (proved on 108) the faithful lattice—sound + faithful + realisable

[5:>£( )= L(S [S@ﬁ(S)@E(S)T

Conjecture (faithful refinement). Change the technique: replace the SCC quotient by a coinductive
one— unfold each recursion once and identify states up to labelled bisimulation. The refined reticulate
L£(S)! is again a bounded lattice and characterises Gay—Hole subtyping exactly:

1. Branch width: S <y T < L(T)" — £(S)T
2. Selection width: S <¢y T <= L(S)" — £(T)'
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Questions?

Scan to explore the reticulate live

reticulate.bica-tools.org



